The magnetization relationships for magnetically uniform spherical particles of the Saturn rings are derived. The problem of a solitary magnetized sphere and spherical particle among identical particles scattered in a disk-like structure is solved. The differential equations of motion of particles in the gravitational and magnetic field are derived. Special cases of these equations are solved exactly, and their solutions suggest that the superposition of the gravitational attraction and repulsion by a magnetic field of the iced particles which possess diamagnetism can account for the stability of Saturn rings.
Introduction
At present, there are a number of hypotheses on the genesis of planetary rings [1] . (1 Several theories that have been developed to date to explain the evolution and stability of Saturn's rings [2] - [7] postulate that the orbits of the ring particles are close to the equatorial plane of the planet, but none of these approaches consistently explains this peculiarity and observed electromagnetic phenomena [8] . In [9] - [12] , superconductivity of rings' particles was assumed responsible for the location of Saturn's rings in the plane of its magnetic equator and several observed electromagnetic phenomena were explained. However, to date there is no experimental evidence that space ice may have superconductivity.
Particles of Saturn's rings are known to consist mostly of ice [13] , which is diamagnetic at not too high pressures [14] . Below the atmospheric pressure, there are two stable polymorphs: the high-temperature ice Ih and the low-temperature ice XI (Fig. 1) [15, 16] . Unlike the protondisordered ice Ih, the proton-ordered ice XI is stable only below ~73 K. From an infrared image taken by the Cassini spacecraft, the temperature of Saturn's rings has been found to vary from 70 K to 110 K [17], and it is below 73 K over the entire area of the rings at equinox [18] . Thus, it is likely that the particles of Saturn's rings consist mostly of ice XI. Yet, it is shown in this paper that diamagnetic rings particles may be responsible for the rings origin and stability. All diamagnetic materials in non-uniform magnetic fields are known to be expelled into the weak-field areas, and this feature provides a minimum of the potential energy of diamagnetic particles in the magnetic equator plane. Taking this into account, the role of magnetism in the stabilization of planetary rings can be fairly universal. To understand the evolution of Saturn's rings and to shed light on their origin, magnetization and dynamics of ring particles in the magnetic field of the planet should be studied. For this purpose, equations of collisionless motion of diamagnetic particles in Saturn's magnetic field will be considered and particular cases of these equations will be solved to demonstrate their physical implications.
Magnetostatics of Uniformly Magnetized Spheres in Magnetic Field

Sole Uniformly Magnetized Sphere
The Maxwell-Ampère circuital law equation [19] reads , cos ,
Magnetic field intensity is found as the negative gradient of the magnetic potential:
Its radial component is discontinuous at r R  due to the non-zero surface magnetic charge density M  found from magnetization M according to Gauss's divergence theorem:
Thus, the first boundary condition is
From (6)- (10), one arrives at the equality
This equality is fulfilled only if the Legendre polynomials are of degree 1 ( 1 l  ). Then,
The second boundary condition results from the continuity of the magnetic potential at r R  :
or alternatively, from the continuity of the tangential components of the magnetic field intensity at the surface of the sphere with radius R :
Solving the system of equations (12) and (15), one obtains the integration constants
Because, by definition, magnetization is magnetic moment m per unit volume:
the magnetic potential in (6) and (7) can be written as
and
From (18) and (19) , one can derive the magnetic field intensity inside the sphere:
and outside the sphere:
where r e and  e are the radial and polar unit vectors of the spherical coordinate system. Now, consider a sphere placed in an external magnetic field 0 B with intensity 0 H . Inside the sphere, the total magnetic field is the sum of the external magnetic field and the fields due to the induced current and magnetization:
in which (20) is taken into account. The corresponding magnetic field intensity is The total magnetic field is the total magnetic field intensity multiplied by the absolute permeability  :
Then, it follows from (22)-(24) that 
Equations (26) and (27) 
2.2.Uniformly Magnetized Sphere in a Disk-Shape Structure Consisting of the Same Spheres
Consider a sphere placed in magnetic field among the same magnetized spheres in an infinite disk structure. Such a disk is a model of dense rings of Saturn. The spheres are assumed to be uniformly spread in hexagonal packing with the planar density  .
The magnetized spheres, each having the magnetic dipole moment m, will then collectively generate the induced global magnetic field, which is convenient to use as an integral characteristics instead of than the summed magnetic field intensities of discrete spheres. If the angle between the disk and magnetic equator plane is t  and the distance from the center of the sphere to the nearest edge of the disk representing the centers of the nearest particles is 0 r , a magnetized sphere will experience the total magnetic field intensity d H of the disk found from 
In (28), the integration is performed throughout the disk area, and the disk is assumed continuous.
Drawing an analogy with (22) and (23), the total magnetic field inside the sphere is
and its intensity is  
After the similar algebra as in the derivation of (26) and (27), the magnetization is
and the magnetic moment is
The magnetization of superconductors in this case is   sphere. Hence, the force of diamagnetic expulsion into the weak-field areas in this case is expected to be stronger.
Potential Energy and Equations of Motion of Magnetized Spheres
The magnetic moments in (27) and (32) can be generalized by the formula
where C is a function of magnetic properties and size of the spheres. For diamagnetics, 0 C  .
For the derivation of the equations of motion, the potential energy U of a magnetized sphere should be found. For a sphere with mass M in the magnetic and gravitational field, it is On the other hand, if the velocity components were comparable, i.e. is in complete disagreement with the flat structure of the rings.
3.2.Magnetized Particles Orbiting at Equal Distance from the Centre (r = const)
This is the case of 0 C  , and the zenith angle equation is 
The MuPAD symbolic calculator of Matlab environment gives the following singular solution of (44):
The azimuthal velocity in this case is
which implies that the gravitational force in the stable circular orbiting is counterbalanced both by the centrifugal force and the force of diamagnetic expulsion.
The singularity of the solution (45) accounts for the fact of essentially planar structure of Saturn's rings which lie in the magnetic equator plane.
Conclusions
In this work, magnetostatics and dynamics of magnetized spheres in the spherically symmetric gravitational and axially symmetric planetary magnetic field has been presented.
Relationships for the magnetization and magnetic moment of both a sole sphere and a sphere placed in an infinite disk-like structure of evenly distributed identical spheres modeling Saturn's dense rings have been found. The magnetic force acting on a sphere in the "disk" with magnetized spheres is stronger than that acting on a single sphere.
The potential energy relationship for the spherical particles in the superposition of the gravitational and magnetic fields has been derived. It has resulted in formulating equations of collisionless motion of the ring particles. Two special cases of these equations have been considered: with the particle in zero and non-zero magnetic field at a constant distance from the gravitation centre. In the gravitational field only (i.e., if the magnetic field is zero), the ratio of the particle's angular velocity components has proven to be extremely unlikely, which apparently disproves the purely gravitational theory of stability of Saturn's rings. If the additional axially-symmetric magnetic force is exerted on the particles, their circular orbits fall on the magnetic equator plane, as it has followed from the equation solution and as established in several spacecraft missions to the outer planets.
